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LIAPUNOV-TYPE INEQUALITY FOR 
HIGHER ORDER DIFFERENTIAL EQUATIONS 
N. PARIII — S. PANIGRAHI 
(Communicated by Michal Feckan) 
ABSTRACT. In this paper, Liapunov-type inequalities are obtained for higher 
order nonlinear, nonhomogeneous differential equations. These inequalities are 
used to obtain criteria for disconjugacy of linear homogeneous equations on an 
interval and to show that oscillatory solutions of the equation converge to zero 
as t —> oo. It is also shown, using these inequalities, tha t (tm+fc — tm) —> oo as 
m -> oo, where 1 < k < n — 1 and {tm} is an increasing sequence of zeros of an 
oscillatory solution of D n y + p(t)y = 0, t > 0, provided tha t p E L° ([0, oo),IK), 
1 < a < oo. 
1. Introduction 
It is known that (see [6]) if y(t) is a solution of 
y"+p(t)y = 0 (1) 
with y(a) = 0 = y(b) (a < b) and y(t) ̂  0 for t € (a, b), then 
U 
I \p(t)\dt>4/(b-a). (2) 
In [5], H a r t m a n obtained an inequality which is more general than (2). The 
inequality (2) is generalized to second order nonlinear differential equations by 
E1 i a s o n [2], to delay-differential equations of second order by E1 i a s o n [3], 
[4] and D a h i y a and S i n g h [1] and to higher order differential equations by 
P a c h p a t t e [7]. Indeed, P a c h p a t t e derived Liapunov-type inequalities for 
2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Primary 34C10, 34C15. 
K e y w o r d s : Liapunov-type inequality, oscillatory solution, higher-order differential equations, 
disconjugacy. 
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the equations of the form 
Dn[r(t)Dn-1(p(t)g(y'(t)))} +y(t)f(t,y(t)) = Q(t), (3) 
D" [r(t) D " - 1 (p(t)h(y(t))y'(t))} + y(t)f(t, y(t)) = Q(t), (3') 
Dn[r(t)Bn-l(p(t)h(y(t))g(y'(t)))}+y(t)f(t,y(t)) = Q(t) (3") 
under appropriate conditions, where n > 2 is an integer and D n = dn / dF l. 
It is clear that the results in [7] are not applicable to odd order equations. In 
a recent work [8], the authors have obtained Liapunov-type inequality for third 
order equations of the form 
y"'+p(t)y = 0. (4) 
This inequality is used to study many interesting properties of the zeros of 
an oscillatory solution of (4) (see [8; Theorems 5, 6]). In [9], Liapunov-type 
inequality is obtained for delay-differential equations of third order of the form 
y"'(t) + p(t)\y(t)f sgny(t) + m(t)\y(t - r)\v sgn y(t - r ) = 0 , 
where p, m G C([0, co),l.) , fi > 0, v > 0, and r > 0. 
The object of this paper is to derive a Liapunov-type inequality for nth order 
differential equations of the form 
(d»-(4(4*')')'-)'+9/(t-^W) (5) 
under appropriate assumptions on r-(t) , 1 < i < n — 1, / and Q. Here n > 2 
may be an odd or even integer. In [7; Theorem 1] it is assumed that a2 > a 3 > 




n + i > '' >
 a2n-\' w n e r e these are the zeros of 
B[p(t)g(y'(t))},D2[p(t)g(y'(t))}, ... 
• • •, D " - 2 [P(t)g(y'(t))}, r(t) D " "
1 [p(t)g(y'(t))}, D [r(t) D " " 1 (p(t)g(y'(t)))},... 
...,D"-1[r(t)Dn-l(p(t)g(y'(t)))} 
respectively and y(t) is a nontrivial solution of (3). In this work we remove 
this restriction on the zeros of higher order derivatives. We may observe that 
in [7; p. 530, Example], ?///(37r/4) ^ 0 because y'"(t) = 2e~ t(cos6 - smt). 
On the other hand, y'"(n/4) = 0, but TT/4 £ (7r/2,37r/2) and H/,/(57r/4) = 0, 
but 57r/4 <fi 7T. Although this example does not illustrate [7; Theorem 1], it has 
motivated us to remove the restriction on the zeros of higher order derivatives 
of the solution of (3). Further, we show that every oscillatory solution of (5) 
converges to zero as t —> oo with the help of Liapunov-type inequality. We also 
generalize a theorem of Patula (see [10; Theorem 2]) to higher order equations. 
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2. Main results 
Equation (5) may be written as 
T>ny + yf(t,y) = Q(t), (6) 
where n > 2 is an integer, 
Dy = —7-V, Diy=-^—(Bi-1yy, y rx(t)
u ' y r^ty y) ' 
2 < z < n and rn(t) = 1. Suppose that 
(C2) r^: 7 -» R is continuous and r{(t) > 0, 1 < 2 < n — 1, and Q: 7 -* R is 
continuous, where 7 is a real interval. 
(C2) / : 7 x R -> R is continuous such that \f(t,y)\ < W(t, \y\), where 
W: I x R+ -> R+ is continuous, JV(*,u) < W(t,v) for 0 < u < v 
and R+ = [0, oo). 
Following P a c h p a t t e [7], we define 
E(t, r2(t), r3(s2),..., rn_1 (sn_2); z(sn_x)) 
t S2 Sn-3 Sn-2 
= r2(t) J r3(s2) J r 4(s 3) .. . J r^s^) J z(sn_1) ds,^ dsn_2 ... ds2 , 
« 1 « 2 « n - 3 
where z(t) is a real valued continuous function defined on [a, b] C 7 (a < b) 
and a1, a2,..., an_2 are suitable points in [a, b], and 
E(t, r2(t), r3(s2),..., rn_x (sn_2)', z(sn_x)) 
i 5 2 
= Г.2(t)\ j Г3(S2) \J Г4(53) ... 
a i a 2 
5 n - 3 5 n _ 2 
... I ~n-l(5n-2) I J *(*n-l)
d5n-l ds. n - 2 ds 9 
O n - 2 
THEOREM 1. Suppose that (Cx) and (C2) hold. Let ax,..., an_2 G [a, b], 
where a{,..., an_2 are zeros of D
2 y(t), D 3 y(t), ..., D n ~ 2 y(t), D n _ 1 y(t) re­
spectively, [a,b] C 7 (a < b) and y(t) is a nontrivial solution of (6) with 
y(a) = 0 = y(b). If c is a point in (a,b) where \y(t)\ attains maximum and 
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M = max{\y(t)\ : t G [a,6]} = |y(c)|, táen 
b \ / b 
4< í / г Д - J d в Л f/[я(* P r 2 ( . 1 ) l Гз(. 2 ) , . . . , r n _ 1 ( S ___);Щ. n _ 1 ,Л/)) 
+ д7 £ ; ( я i ' г -^i) ' г зW."- . r n-i(v-2); l < Э(v-i) l ) d.s 
/or ?t > 3 and 
/ \ r 
- (/ ri(*)dťj /lHM/)dť+ -g/ NҶť,Л_)dť + - / |Q(/)|dť 
(7) 
(8) 
/or n = 2. 
P r o o f . Let n > 3. Integrating (6) from an_2 to t G [a, 6], we obtain 
/ t 
D"-1„(t)+ / _(V-i)/(V-i>y(V-i))dV-i= / Q ( V i ) d v , . 
that is, 
r 
(D^i/Wj' + v ^ f ) / !/(V-i)/(V-i.l/(V-i)) dv-i 
a n - 2 
t 
ttn-2 
Further integration from a n _ 3 to t G [a, 6] yields 
/ / * n - 2 v 
Dn"2J/(*)+ / ^-lK-2)f / »(*n-l)/k-l.V(^n-l))^n-lJ d5n-2 
^ OLn-2 
i i 5 n _ 2 v 
= / rn^(sn_2)f J Q{sn_Jdsn_x\ d.sn_2. 
r\ * rv_ •_ ' 
a л -з 
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Proceeding as above we obtain 
t S2 
D22/(í) + / r 3 ( s 2 ) / r 4 ( s 3 ) . . . 
a i a 2 
A'n-3 / -Sn-2 v 
... / r^is^ji J y(sn_1)/(sn_1,7/(sn_1)) d s ^ j dsn_2...ds2 
a n - 3 a n _ 2 
t S 2
 Sn-3 Sn-2 
= J r 3 (
s
2 ) J
 rÁsz) •• J rn-i(*n-2) J Q(
sn-i) ds„_, ds„_2 . . . ds 2 , 
«1 «2 a t ł _ з 
that is, 
(D y(t))' + E(t, r 2 (t), r3(s2),..., r n_ 1 (s n_ 2); »(s n _ 1 )/(s n _ 1 , -v(sn_J)) 
= -5(*, »_(')> *_(s2)» • • • - r n - l ( S n-2 ) ; < 2 ( S n - l ) ) • 
Hence 
| ( D „ ( 0 ) ' | < M _ 3 ( t > r 2 ( 0 , r 3 ( s 2 ) > . . . , r n _ 1 ( s n _ 2 ) ; W ( s n _ 1 , M ) ) 
+_5(t, r 2(i). r 3 ( s 2 ) , . . . , r n _. (s n_ 2); |Q(s„_ x ) | ) . 
Since 
C C 





= l-(c)l = | /v 'WdJ</l îЛs,) |dSi, 
0 
2M<J\y'(8l)\dsi. 
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First, using Cauchy-Schwarz inequality and then integrating by parts, we obtain 
b -.2 





^ a n ' 
= ( y nK) d si 
r i ( - s i ) 
ь ь 
(10) 
y(Dy)'( 5 l)7/(S l)dS l 
( 0 4 0 
Jr^dsЛJiĽyПs^yÇh)^! 
a ' a. 
< (jrMásЛJWyУ^Шs^ds^ 
Use of (9) yields 
4M2 < ( J r^sj ds. 
M / £(s1,r2(s1),r3(s2),...,rn_1(sn_2);ir(5n_1,M)) d.s. 
a 
b 
+ M/E(.s1,r2(:s1),r3(52),...,rn_1(5n_2);|Q(,sn_1)|) d^ 
that is, 
I b v p 6 
4< ( Jr^sJdsA /^Gs1,r2(.s1),r3(52),...5rn_1(5n_2);TVGsn_1,M)) d,sx 
^ a ' "• a 
+ M / ^ ' ^ ^ l ) ' r 3 ( 5 2 ) ' • • • » r n - i ( 5 „ - 2 ) ; l ^ (
5 n - l ) l ) d 'S l 
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If n = 2, then (6) has the form 
(Dy)'(t) + y(t)f(t,y(t))=Q(t). 
Hence (10) yields 
( b \ V
 b b 
fr^sj dsA f\y(t)\2\f(t,y(t))\ dt + f\y(t)\\Q(t)\ dt 
a ' *- a a 
that is, 
4 < \rx(sx)dsx fw(t,M)dt+±f\Q(t)\dt 
Thus the proof of the theorem is complete. D 
Remark. 
(i) If n > 3 and a = a 1 ? a 2 , . . . , a n _ 1 , a n = b are consecutive zeros of a 
solution y(t) of (6), then D2 y(t),D* y(t),... , D n " 2 y(t) and Dn~l y(t) have 
zeros in [a, b]. 
(ii) If y(t) = (t- l)n'l(t - 2 ) — ! , m > n > 2, then y(t), y'(t), y"(t),... 
...,y{n~2)(t),y(n~l)(t) have zeros in [1,2] and y(t) ^ 0 for te (1,2). 
Remark. For equation (4), inequality (7) takes the form 
b s± b 
4 < (6 - a) j | j \p(s2)\ ds2 da. < (b - a? f \p(t)\ dt, 
a oc\ a 
which is same as the inequality in [8; Theorem 1]. For equation (1), inequality (8) 
takes the form (2). 
EXAMPLE. Consider 
yw + 4y = 0, ť > 0 . 
Clearly, y(t) = e l cost is a solution of the equation with y(f) = 0 = y(^r), 
y"(ir) = 0, y'"^f) = 0. From Theorem 1 it follows that 
2 
4 < 7Г f Щ s ^ r ^ s J . Г з t s з ) ^ ) d s г , 
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where 
^ ( * 1 ^ 2 ( S l ) , r 3 ( 5 2 ) ; 4 ) 
«i *2 




 4[XS1 " 5*1 - ¥ ] . if 52 < f , 7T < 5, Or 52 > f , S j < 7T, 







_ / ~T • i f s2 < T > ff < s i o r s2 > ¥ > n > si > 
i f s 2 < ^ , *l < 7t Or 5 2 > - f , 5j > 7T . 
___ 
6 





si = Y' 
7T 
2 
Thus, by Theorem 1, 4 < -£ or 24 < TT4, which is obviously true. 
Remark. Under appropriate assumptions on g and h, Liapunov-type inequal-
ities can be derived for (3), (3') and (3"). 
Remark. If 
4 >(yn (^i )d S l J^y^( S l , r 2 ( S l ) , r 3 ( 5 2 ) , . . . , r„_ 1 ( 5 n _ 2 ) ; |p ( S n _ 1 ) | )d S i y 
then 
Bny+p(t) = 0 (11) 
is disconjugate on [a, 6], where p is a real-valued continuous function on [a, b]. 
Indeed, if (11) is not disconjugate on [a, b], then it admits a nontrivial solution 
y(t) which has n zeros in [a, b]. Let these zeros be given by a < aA < a2 < . . . 
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••• < an_x < an < b. Then D
2 y(t), D3 y(t), ..., D n _ 1 y(t) have zeros in 
[ a p a 7 J . From Theorem 1 it follows that 
4 < ( J r^s^dsAl JE(si,r2(s1\r3(s2),...,rn_l(s^ d.s. J 
^ a i ' ^ a i ' 
< ( J r l ( ' S l ) d 5 l ) ( jE(SVr2(Sl),r3(S2)T--,rn-l(Sn-2y>\P(Sn-l)\) ( l s l ) . 
^ a ' ^ a ' 
a contradiction. Thus (11) is disconjugate on [a, b]. 
THEOREM 2. Le£ (Cx) and (C2) bo/d. Le£ cY1 ,a2 , . . . , cv n _ 3 , a n _ 9 be zeros 
of D2 y(t), D3 H(f), . . . , D n " 2 y(£), Dn _ 17/(r) zn [a, b] C I (a < b) respectively, 
where y(t) is a nontrivial solution of 
Dny + yf(t,y)=0 
with y(a) = 0 = y(b). If c is a point in (a, b) where \y(t)\ attains maximum, 
then 
I / r . (t) dt\ < oo and I / r . (t) dt\ < oo . 
^ a ' ^ c ' 
P r o o f . Let Ai~ = max{|y(r,)| : t G [a,&]} = |y(c)|. Then y'(c) = 0. Since 
c 
y(c) = y„'(t)d«, 
a 
using Cauchy-Schwarz inequality and integrating by parts we obtain 
(
C \ 2 r c - , 2 
fy'(t)dt\ = fr\(t)r-Ht)y'(t)dt 
a ' -• a 
= (fr,(t)dt\ fr-\t){y'(t))2dt 
^ a ' -• a 
= ( | rx(t) dij ([r~
l(t)y'(t)y(t)]Ca - f (Dy)'(t)y(t) dt 
^ a ' ^ a ' 
< ( |r1(Odtj(y
i|(Dj/)'(t)||j/(<)|dtJ 
^ a ' ^ a ' 
<Mf l ^ ^ d t J U K D y / W l d A . 
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Proceeding as in Theorem 1 we obtain 
|(D y)'(t) | < ME{t, r2(t),r3(s2),..., rn_x (sn_2); W(sn_1, M)). 
Hence 
f j r ^ d A <JE{t,r2(t),rs(s2),...,rn_^^ d« < oo. 
^ a ' a 
(12) 
Thus c cannot be very close to a because 
Jimf/r^dA =00. 
^ a ' 
Next we show that c cannot be very close to b. Since 
\y(c)\ = 
then proceeding as above we obtain 






< f | r . ( t ) d « j f y"|(Dy)'(t)| |„(0|dtj 
<Mnri(t)dt\(l\(Dy)'(t)\dt\ 
^ c ' ^ a ' 
<M2 |r1(0diJ[|£((,r2(t),r3(S2),. . . ,Vl(V2);nV,^O)4 
^ c ' ^ a 
Hence 
/ b v - 1 6 
( / ^ W dtj < ^(^r2W,r3(.s2),...,rn_1(,u_2);m5n_1,M)) df < 00. 
^ c ' a 
Thus c cannot be very close to b. This completes the proof of the theorem. • 
Remark. Theorem 2 need not hold if a{ £ [a, b] for some i G { 1 , . . . , n - 2}. 
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DEFINITION. A solution y(t) of (6) is said to be oscillatory if there exists a 
sequence (tm) C [0, oo) such that y(tm) = 0, ra > 1, and tm -> oo as ra -> oo. 
THEOREM 3 . Let p G Z/7 ([0, oo), M) , where 1 < a < oo. Let r{(t) < K for 
t > 0 and 1 < i < n — 1, where K > 0 is a constant. If (tm) is an increasing 
sequence of zeros of an oscillatory solution y(t) of 
Dny + p(t)y = 0, * > 0 , 
such that aly... ,an_2 G (tm,tm+k), 1 < k < n — 1, for every large ra, 
then (£m+A. — tm) -> oo, as ra -» oo. uj/iere a 1 , . . . , a n _ 2 are tte zeros o/ 
D2 y(t), D 3 2,(4), • • •, D n " 2 7/(0, D" - 1 2 l (0 , respectively. 
R e m a r k . If n > 3 and k = n — 1, then tm,tm+1,..., ^ m + n _ 1 are n-consecutive 
zeros of y(t) for every ra, and hence a 1 , . . . , a n _ 2 G ( £ m , £ m + n _ i ) . If n = 2, 
such a condition is not required (see [10; Theorem 2]). 
P r o o f o f t h e t h e o r e m . If possible, let there exist a subsequence (tm.) 
of (tm) such that (t +jb — t ) < M for every i , where M > 0 is a constant. 
Let max{\y(t)\ : t G [tmi,tm.+k]} = \y(s{)\, where s- G ( t m . , * m . + f c ) . Since 








\p(t)\° ds-> 0 as £ - > o o . 
/. 
Thus, for 1 < a < oo, we may have 
oo 




for large i, where - + - = 1. From (12) we obtain 
(
Si v - 1 fm^+fc 
frx{t)At\ <K
n-2(tmi+k-tmi)




n~l J |p(i)|d*. (13) 
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The use of Holder's inequality yields 
j j - i , 
i<кn-l(tmt+k-tmi) - (tmi+k-tmi) 
< m i; + k 
I \p(t)\a át 
<кn-l(tmi+k-tmi) 
< кn-xм,l-l+Ь 
n-l + i 
oo 
/ W)V dť 
= 1, 
a contradiction. If a = 1, then we choose i large enough such that 
CO 
f \p(t)\ dt< (KM)-{n~l). 
trnt 
Hence from (13) we obtain 
1 < (KM)"'1 j |p(ť)| 
tm 
d t < l 
a contradiction. Hence the theorem is proved. 
EXAMPLE. Consider 
t4y{iv) -24y = 0, t>\. 
D 
(14) 
Clearly, the conditions of Theorem 3 are satisfied. A basis of the solution space 
of (14) is 
_a_^ „-._a_,)}. { } , ť4, ť- c o s ( ^ p l o g ť ) , ť- s i n f ^ l o g ť 
The zeros of 
are given by 
Hence 
u(ť) =U cos ( - ^ — log t ę. 
(J=(2n-l)x), n = 1,2,3,.... 
VV15 / 
í„ = exp( - ^ = ( 2 / 1 - 1) 
t n + л - t n = ^ 
g vTö — g vTб oo 
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as n -r oo. We may note that the zeros of u"(t) are expressed as 
C=eKp[ ĵ{«a„-'(--y-»,,} n = l ,2, . . . , 
and hence tn £ [£n, t n + 1 ] for any large n. However, u"(t) has a zero in (tn, tn+2) 
for every n. As the zeros of u'"(t) are given by 
'"" = e x p vTf l t a n " v t ~~\ ' ^ = 1,2,..., 
then t** ^ [£n,£n+2] f°
r a nY l a r S e n - But n'"(£) has a zero in (* n ,* n + 3 ) . If 
Ü(Ż) = y + ż-cos. 2 (-V^iogí)=a[ri+coB(-4Iiog.)]> 
then it is an oscillatory solution of (14). The zeros of v(t) may be written as 
-5 !- \ / l5 í„2" + COS í 2П7Г + -Ҳ^- log ť „)=o, n = l ,2, . . . (15) 
From Theorem 3 it follows that tn+3 — tn -> oo as n -> oo. However, it is not 
easy to show that tn+3 — t n — > o o a s n - » o o using (15). 
As an application of Theorem 1, we prove the following theorem. 
THEOREM 4. Suppose that (Cx) and (C2) hold with I = [0,oo). Let there 
exist a continuous function H: I -> 1R"1" such that W(t, L) < H(t) for every 
constant L > 0. Let 




/ Щ ^ Г a í O i Г з ^ a ) , . . . , ^ ^ ^ ) ; ! ^ ^ . ! ) ! ) d* < oo 
o 
oo 
/ Җt, r2(í), r 3 ( s 2 ) , . . . , r n - 1 (sn_2); Я(5 n _!)) dí < 00 , 
/or n > 3 and 
oo 
dt < oo and 
oo 
dí < oo for n = 2, 
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then every oscillatory solution of (6) converges to zero as t —•> oo. 
P r o o f . Let y(t) be an oscillatory solution of (6) on [T , oo), T > 0. To 
complete the proof of the theorem, it is enough to show that limsup \y(t)\ = 0. 
t—•oo 
If possible, let limsup \y(t)\ = A > 0. Choose 0 < d < A/2. From the given 
t-+oo 
assumptions it follows that it is possible to choose a large T0 > 0 such that, for 
t>T0, 
OO 
/ r i(- s i) da. < 1, 




y ^ ( . s ^ r . O s j ) , / ^ ^ ) , . . . , ^ . ^ ^ ^ ) ; ^ ^ ^ ) ds, < 1 
oo oo 
for n > 3 and f H(s) ds < 1 and / \Q(s)\ ds < d for n = 2 . Since y(t) 
t t 
is oscillatory, we can find a tx > T0 such that y(tx) = 0 . Let T0* > tx 
be such that av a 2 , . . . , a n_ 3 , an_2 G [*!,T0*], where ax , a 2 , . . . , a n _ 3 , a „ _ 2 
are the zeros of D2y(£), D3 y(_), . . . , D n " 2 y(*), D n _ 1 y(£) respectively. Fur-
ther, limsup |y(£)| > 2d implies that we can find a T0** > tx such that 
t—>oo 
sup{|H(.)| : t e [t^T**]} > d. Let Tx = max{T0*,T0**}. Let t2 > T- such 
that y(*2) = 0. If M = max{|y(_)| : _ G [^, * 2 ]} , then M > d. From Theorem 1 
we obtain (7) for n > 3 and (8) for n = 2, with a = 11 and b = t2. Hence, for 
n > 3, 
(
OO v . o o 
/ * . K ) d*i J ( j [-5^,^(-J.ra^),...,^.^,,,.,);/.(_„_,)) 
+ дӯ-5(вi,г 2 (_ 1 ),Гз(_ 2 ) ) . . . ,г n _ 1 (s t ,_ 2 ); |Q(.__ 1 ) | ) d.яг 
<( 1 + І í ) < 2 ' 
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a contradiction. For n = 2, 
(
OO v r- OO OO 
/ ^ K l d J \JH{ť)át + ^j\Q{t)\ 
<[1 + s]< 2-
a contradiction. Hence limsup \y(t)\ = 0. Thus the theorem is proved. • 
£-+oo 
Following example illustrates Theorem 4. 
EXAMPLE. Consider 
( e ' ( e V ) ' ) +4 j / = 10e~*cos_ + 4e~3*sin*, £ > 0 . 
Thus r ^ ) = e _ t , r2(£) = e
- *, /(*,y) = 4, and hence __"(*) = 4. Clearly, 
?/(_) = e~3 ' s'mt is a solution of the equation with y(0) = 0 and (e* y'(t)) = 0 
for t = 7r/4. Hence ax = TT/4. Since 
E{s1,r2(s1);H(s2))=4e-'
l(s1-^) for a . > TT/4 , 
and 
^ ( 5 1 , r 2 ( s 1 ) ; | Q ( 5 2 ) | ) < - 1 0 e -
2 s ' - | e - 4 s ' + 1 0 e - ( S l + * ) + | e - ( S l + - ) 
for sx > 7r/4, then 
oo 




__ 4 _Ҙ_ 
e 4 ~ ^ e 4 • o 
From Theorem 4 it follows that every oscillatory solution of the equation tends 
to zero as M o o . Indeed, y(t) = e~3t shit —> 0 as t —•> oo. 
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